In this paper, we consider some presentations for the semigroups of 2 × 2 matrices and all 2 × 2 matrices of determinant 0 or 1 over the field GF (p)(p :prime).We show that the matrix semigroups can be described by a finite complete rewriting system as a consequence of which we obtain new presentations for matrix semigroups. Moreover, we find the normal forms of these presentations.
Introduction
The purpose of this paper is to investigate the matrix semigroups defined by a complete rewriting system. In the last years, the rewriting systems have received a lot of attention both from mathematics and from theoretical computer science. The first focus its attention on the congruence * ↔ R while the latter is more interested in the relation → R . Some presentations are known for semigroups of (full and partial) transformations and matrix semigroups. (see [1] , [2] , [3] , [4] [5] , [6] and [7] ).Here we establish such presentations for semigroup of 2 × 2 matrices over any prime field by using a finite complete rewriting system. Before stating any results, we need to introduce some notation also given in [6] .
For a prime number p and a natural number n, GF (p n ) denotes the finite field with p n elements. It is well known that the multiplicative group GF (p n )− {0} is cyclic and we will denote by ξ a generator. We write GF (d, p n ) for the group of all non-singular d × d matrices over GF (p n ), and SL(d, p n ) for the group of all matrices from GF (d, p n ) having determinant 1. SL(d, p n ) is a normal subgroup of GF (d, p n ). In fact it is the kernel of the "determinant homomorphism" det : GF (d, p n ) → GF (p n ) (see [8] ) and therefore GL(d, p n )/SL(d, p n ) (GF (p n ) − {0} , .) is a cyclic group. Semigroup analogues of GF (d, p n ) and SL(d, p n ) are the semigroup of all d × d matrices over GF (p n ) and the semigroup of all d × d matrices of determinant 0 or 1. We call these semigroups the general linear semigroup and the special linear semigroup respectively,and denote them by a GLS(d, p n ) and SLS(d, p n ) respectively. Both these semigroups are regular and posses a zero and an identity.
Nikola Ruskuc has given various presentations defining the general linear semigroup GLS(d, p n ) and the special linear semigroup SLS(d, p n ) in the case where d = 2, n = 1 in [6] .
Preliminaries
In this section we give some basic definitions and results about rewriting systems. For more background on rewriting systems we refer the reader to [9, 10] .
Let A be an alphabet.We denote by A * the free monoid on A and A + the free semigroup on A. For an element of A * , a word w, we denote the length of w by |w| . Given a subset Y of A, we write|w| Y for the total number of lettters in w that come from the subset Y.
A presentation is a pair A | R ,where A is an alphabet and R is a binary relation on A * .The set R is also referred to as rewriting system and its elements as rewriting rules.Usually,a rewriting rule r ∈ R is written in the form r = (r +1 , r −1 ) or simply r +1 → r −1 .We say that a presentation A | R is finite if both R and A are finite.If π = a 1 , a 2 , ...a m | u 1 = v 1 , ..., u n = v n is any finite semigroup presentation, then the Tietze transformations for π are:
(T 1) adding a new relation u = v to π, providing that u = v is a consequence of π; (T 2) deleting a relation u i = v i from π, providing that u i = v i is a consequence of the remaining relations; (T 3) adding a new generating symbol a and a new relation a = w for any non-empty word w ∈ {a 1 , a 2 , ...a m } ; (T 4)if π posseses a relation of the form a i = w where w ∈ {a 1 , ...a i−1 , a i+1 , ..., a m } ,then deleting a i from the list of generating symbols, deleting the relation a i = w and replacing all remaining appearences of a i by w.
A straightforward modification of the argument given in [11] proves that two finite semigroup presentations π and π define the same semigroup if and only if π can be obtained from π by applying the Tietze transformations to it.
We define a binary relation → R on A * ,called a single-step reduction,in the following way: 
We call R length -reducing if |u| > |v| for all (u, v) ∈ R.It is clear that if R is a length -reducing rewriting system,then R is a terminating rewriting system.
We say that R is conf luent if ,for any x, y, z ∈ A * such that x * → y R is complete if it is both terminating and confluent. For a given R,define R 1 ⊆ A * to consist of all r ∈ A * such that there exists (r, s) ∈ R for some s ∈ A * .The system R is reduced provided that ,for each (r, s) ∈ R, we have R 1 ∩ A * rA * = {r} and s is R − irreducible. A reduced complete rewriting system R ⊆ A * × A * is called a uniquely terminating rewriting system. Assuming R is noetherian, then R is a complete rewriting system if and only if each congruence class of M (A; R) contains exactly one irreducible element ; see [10,theorem 1.2.2]. Hence a complete rewriting system fixes a unique normal form for each of its congruence classes 'given by taking the unique irreducible word in the class.
There are obvious analogous definitions and results to those above obtained by replacing monoid by semigroup, and the free monoid X * by the free semigroup X + , throughout. In this paper,we shall find it convenient to work in this slightly more general context of semigroups and semigroup presentations. Of course,all of the results obtained also hold for monoid presentations, since it is known and quite straightforward to prove, that a monoid is defined by a complete monoid presentation if and only if it is defined by a finite complete semigroup presentation; see [12] for details.
We end this section with a lemma which will be used in the sequel. (See [13] ).
Lemma 1 Let R be a terminating rewriting system. Then the following are equivalent:
(i) R is confluent (and hence complete); (ii) For any (r 1 r 2 , s 12 ), (r 2 r 3 , s 23 ) ∈ R, where r 2 is non-empty, there exists a word w ∈ A * such that s 12 r 3 * → w, r 1 s 23 * → w; for any (r 1 r 2 r 3 , s 12 ), (r 2 , s 23 ) ∈ R, there exists a word w ∈ A * such that s 12 * → w, r 1 s 23 r 3 * → w; (iii) any word w ∈ A * has exactly one irreducible form. Moreover w w if and only if w and w have the same irreducible form. For a proof see [14] or 15].
We define the overlaps to be the ordered pairs of the form [(r 1 r 2 , s 12 ), (r 2 r 3 , s 23 )] and [(r 4 r 5 r 6 , s 45 ), (r 5 , s 56 )] where (r 1 r 2 , s 12 ), (r 2 r 3 , s 23 ), (r 4 r 5 , s 45 ), (r 5 , s 56 ) ∈ R and r 2 and r 5 are non-empty.
The Complete Rewriting Systems For The Special Linear Semigroups (SLS(2,p))
In this section,we give presentations defining the semigroups SLS(d, p n ) in the case where d = 2 and n = 1 with a complete rewriting system.Since every special linear group is generated by transvections (see [8] ),it is easy to show that SL(2, p) is generated by two matrices
) is isomorphic to S 3 , and can be defined by the presentation
For p > 2 several presentations for SL(2, p) are known. The presentation
given in [16] , defines SL(2, p) in terms of generators
However it is easy to transform it to the presentation
which defines SL(2, p) in terms of generators A and B. Alternative presentation for SL(2, p) can be found in [3] . By theorem 2.2 in [3] , matrices A and B together with any matrix of rank 1 generate the semigroup SL(2, p). The natural choices for that matrix of rank 1 are
where ξ is generator for the group GF (p) − {0} or in other words, a primitive root of 1 modulo p. The following theorems have been proved in [3] that gives presentations for special linear semigroups, SLS(2, p) in terms of generators (A, B, S) and (A, B, T ) respectively. Theorem 2 Let a, b | R be any (semigroup) presentation for SL(2, p) with respect to generators A and B. Then,
is a presentation for SLS(2, p) with respect to generators A , B and S.
Proof. The proof can be seen in [3] .
In the presentation π 1 , let us use the following notations:
the generating set is :
Since k 3 = k 4 , and bs = sa = s we can subtract the relations bk 2 = k 4 , bs = sa and the generator k 4 from the presentation π 1 by using Tietze transformations.
In the presentation in π 1 ,there are some overlaps ,for example
which show that the set of the relations is not a uniquely terminating rewriting system.Now we construct a new presentation with a uniquely terminating rewriting system of relations.We can take the presentation X | R to be the Cayley table,that is X = G and
It is clear that R is a uniquely terminating rewriting system on X. Let k 1 ∈ X represent the identity of G. Then taking e ≡ k 1 and adding the new relations
which are easily seen to hold in SLS(2, p) yields the presentation
Now we state the main result of this section:
Theorem 3 Let X | R to be the Cayley table of the finite group G and let k 1 ∈ X be the representative of the identity.With the above notation ,the presentation
which defines SLS(2, p) ,has a uniquely terminating rewriting system of relations on Y.
Proof. Let Q denote the set of relations of π 1 .Recall that all rewriting rules in R have the form (x 1 x 2 , x 3 )(x 1 , x 2 , x 3 ∈ X) so that all the rewriting rules in Q are length reducing. Therefore Q is terminating. It is clear that Q is reduced. To prove that Q is confluent , we list the overlaps:
and then apply lemma 1 (ii), which is straightforward.
Remark 4
The set of normal forms of π 1 is equal to:{0, 1, b, s, k 2 , k 3 , k 6 , k 7 , k 9 , } .
Theorem 5 Let a, b | R be any (semigroup) presentation for SLS(2, p) with respect to generators A and B.Then
is a presentation for SLS(2, p) with respect to generators A , B and T. Proof. See [6] .
In the presentation π 2 , let us use the following notations. k 0 , k 1 , k 2 , k 3 , k 4 , m 10 are in the same as in the theorem 3, the others are
the generating set is:
Since, k 3 = k 4 and t 2 = bt = ta = t we can subtract the relations bk 2 = k 4 , t 2 = bt = ta and the generator k 4 from the presentation π 2 by using Tietze Transformations. the presentation in π 2 , there are some overlaps, for example
which show that the set of the relations is not a uniquely terminating rewriting system. Now, we construct a new presentation with a uniquely terinating rewriting system of relations. We can take the presentation X | R to be the Cayley table, that is X = G and R = {(
It is clear that R is a uniquely terminating rewriting system on X. Let k 1 ∈ X represent the identity of G. Then taking e ≡ k 1 and adding the new
, k 12 t = k 11 , k 11 k 10 = 0, k 11 a = k 11 which are easily seen to hold in SLS(2, p) yields the presentation
we state our the second main result of this section.
Theorem 6 Let X | R to be the Cayley table of the finite group G and let k 1 ∈ X be the representative of the identity.With the above notation ,the presentation
which defines SLS(2, p) ,has a uniquely terminating rewriting system of relations on Z.
Proof. Let Q denote the set of relations of π 2 .Recall that all rewriting rules in R have the form (x 1 x 2 , x 3 )(x 1 , x 2 , x 3 ∈ X) so that all the rewriting rules in Q are length reducing. Therefore Q is terminating. It is clear that Q is reduced.
To prove that Q is confluent , we list the overlaps:
and then apply lemma1 (ii), which is straightforward.
Remark 7
The set of normal forms of π 2 is equal to:{0, 1, b, t, k 2 , k 3 , k 11 , k 12 , k 13 } .
The Complete Rewriting Systems For The General Linear Semigroups (GLS(2,p))
Since GL(2, p)/SL(2, p) is a cyclic group ,it follows that GL(2, p) can be generated by SL(2, p) and one element of determinant ξ. Here, it is convenient to choose this element to be C = 1 0 0 ξ Theorem 8 Let a, b, c, s | R be any (semigroup) presentation for GL(2, p) in terms of generators A, B and C. Then the presentation,
defines the semigroup GLS(2, p) in terms of generators A, B, C, S . Proof. See [6] .
In the presentation π 3 ,
, m 10 are in the same as in the theorem 3,the others ar the generating set is:
Since k 3 = k 4 and sc = cs = s,we can subtract the relations bk 2 = k 4 and cs = sc and the generator k 4 from the presentation π 3 by using Tietze Transformations.
In the presentation in π 3 , there are some overlaps, for example
which show that the set of the relations is not a uniquely terminating rewriting system.Now we construct a new presentation with a uniquely terminating rewriting system of relations.We can take the presentation X | R to be the Cayley table, that is X = G and
It is clear that R is a uniquely terminating rewriting system on X. Let k 1 ∈ X represent the identity of G. Then taking e ≡ k 1 and adding the new 16 which are easily seen to hold in SLS(2, p) yields the presentation
defines SLS(2, p) . Here,
Now, we state the main result of this section.
Theorem 9 Let X | R to be the Cayley table of the finite group G and let k 1 ∈ X be the representative of the identity.With the above notation ,the presentation
, bk 9 = k 9 , k 0 s = s, k 1 s = s, k 18 k 5 = 0, k 18 k 8 = k 20 , k 15 k 9 = k 20 , k 18 c = k 18 , ak 9 = k 20 , k 0 k 9 = k 9 , k 1 k 9 = k 9 , m 10 k 15 = c, m 10 k 18 = s, m 10 k 20 = k 9 which defines GLS(2, p) ,has a uniquely terminating rewriting system of relations on Y .
Proof. Let Q denote the set of relations of π 3 .Recall that all rewriting rules in R have the form (x 1 x 2 , x 3 )(x 1 , x 2 , x 3 ∈ X) so that all the rewriting rules in Q are length reducing. Therefore Q is terminating. It is clear that Q is defines the semigroup GLS(2, p) in terms of generators A, B, C, T .
Proof. See [6] . In the presentation π 3 , let us use the following notations. k 0 , k 1 , k 2 , k 3 , k 4 , m 10 , k 11 , k 12 , k 15 , k 16 , k 17 are in the same as in the theorem 8, the others are: k 15 t = k 32 , at = k 32 , k 17 t = t, m 10 k 32 = t, k 30 t = k 11 , k 12 t = k 11 , k 32 t = k 32 , k 32 c = k 32 , k 32 k 10 = 0, k 11 t = k 11 , k 11 c = k 11 , k 11 k 10 = 0, bt = t k 16 t = t, k 0 t = t, k 1 t = t which defines GLS(2, p) ,has a uniquely terminating rewriting system of relations on Y .
Here, Y = {a, b, c, t, k 0 , k 1 , k 2 , k 3 , k 10 , k 11 , k 12 , k 16 , k 17 , k 30 , k 31 , k 32 , m 10 } Proof. We can prove similarly as in the theorem 9.
Remark 13
The set of normal forms of π 4 is equal to: {0, 1, c, k 2 , k 3 , k 30 , k 31 , k 32 , k 11 }
